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Abstract 

We calculate Bernstein-Sato b-functions for /qs, a SLn-invariant sec¬ 
tion of a line bundle on SLn/B x SLnjB x whose zero-set is the 

complement of the open G-diagonal orbit. The proof uses a similar calcu¬ 
lation by Kashiwara of the b-function for /^, a B”-semiinvariant section 
of a line bundle on SLn/B whose zero-set is the complement of the big 
Bruhat cell. 


1 Introduction 

Let X be an algebraic variety over C, and let / be an algebraic function on X. 
The Bernstein-Sato function of / is defined by the monic generator of the ideal 
of b{s) such that there is a differential operator P{s) such that 

p{s)r+^ = b{s)r ( 1 ) 

where P{s) G 'D{X)[s]. There have been various generalizations to multiple 
functions. In this paper, the ideal will be defined by the following functional 
equation: 


P 


mi ,?7i2,.. .,m. 






= h 


mi ,m2.. ,m, 


,(si, S2, 


( 2 ) 


where P{s) G X>(V)[si, S 2 , ■ • ■, s™], G Z. Sabbah [4] and Gyoja [5] generalized 
Kashiwara’s result about rationality of the roots of b-functions by showing that 
for each choice of {ti}, there is an element in the b-function ideal that can be 
written as the product of hyperplanes (i.e. functions of the form Oiti + ki). 

i 

Let G = SLn, B a Borel subgroup, and P be the corresponding flag variety. 
The action of G on has a unique open B-orbit; its complement is a hyper¬ 
surface, so there are B-semiinvariant global sections of G-equivariant line 
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bundles (which, for each line bundle, are unique when they exist). The zero- 
sets of these sections are components of the hypersurface. In 1985, Kashiwara 
[T] found the b-function for these sections using universal Verma modules. 

Let X = X X T X P"“^. Then the diagonal G-action on X has an open orbit 
with a hypersurface complement; correspondingly, there are G-semiinvariant 
global sections (for a specific character) of G-equivariant line bundles C on 
X whose zero-sets are components of the complement of this open orbit [2]. 
It has been conjectured that the b-function of these sections could be found 
using techniques similar to those used by Kashiwara. This paper finds those 
b-functions. 

We start in section 3 by defining the G-invariant global sections Jq of line 
bundles on X, and the relevant functional equation for the type of b-functions 
we wish to use. In section 4, we explain some of Kashiwara’s techniques, includ¬ 
ing finding differential operators on and use his results to find a relationship 
among his differential operators. In section 5, we use Kashiwara’s differential 
operator to find the differential operator on X that satisfies the functional equa¬ 
tion, and a relationship between the b-function Kashiwara found for a different 
global section and the b-function for the global section examined in this paper, 
through a function i^(A); we also show that there is a similar relationship be¬ 
tween the differential operators for the G-invariant global sections. In section 
6, we examine i^(A) more closely and find what it is for some of the G-invariant 
global sections. In section 7, we use the relationships between the differential 
operators in order to prove one of the conjectures from Ginzburg and Finkel- 
berg [2], that the b-functions can be factored into linear factors, and also prove 
some relationships between the b-functions. In section 8, we use the values 
given in section 6 with the relationships in section 5 to fully determine all of the 
b-functions. 


2 Notation 

1. G = SLn 

2. B is a Borel subgroup of G. 

3. P is a mirabolic subgroup of G, that is, a subgroup of G that hxes a line 
in C". 

4. P = G/B is the flag variety of G, thought of as the moduli space of Borel 
subgroups. 

5. X = F X F X is the moduli space of triples of two Borel subgroups 
and a mirabolic subgroup. 

6. Vai is the irreducible representation of G with highest weight Ai. 

7. If A = (Ai, A 2 , 1), then I 4 := VAi ® Vx^ <S> Sym’‘C^ is an irreducible repre¬ 
sentation of G^ = G X G X G. 
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8 . Bi X i ?2 X P is a triple of subgroups of G, with Pi,i ?2 Borel and P 
mirabolic. 

9. B[ X B 2 X P' is a triple of subgroups of G, with B[,B 2 Borel and P' 
dual-mirabolic (i.e. fixing a line in C" with the dual action of G). 

10. v\ is a highest weight vector in V\ with respect to Bi x B 2 x P. 

11 . v-x is a highest weight vector in with respect to B[ x B 2 x P' such 
that {v-x,vx) = 1. 

12. il is the set of triples A such that there is a diagonally G-invariant vector 
u-x € Vx with {u-x,vx) = 1. 

13. ux S Vx is the diagonally G-invariant vector with (v-x,ux) = 1. 

{v-x,vx){u-x,ux) 

14. = - ---- 

{v-x,ux){u-x,vx) 

15. O' is the standard representation C" of G 

16. A*wi is the ith fundamental representation of S'L„. 

17. ujj is the standard representation of SLj C G. 

3 The relevant line bundle and section 

Choose two Borel subgroups i?i,P 2 and a mirabolic subgroup P of G = 
i.e. a subgroup P is the stabilizer of a point in such a subgroup is called a 

mirabolic subgroup. This subgroup is the stabilizer of a unique point x G X, so 
X can be seen as the moduli space of such triples. We further require that they 
be in general position; that is, that x lie in the open G-diagonal orbit. Let T be 
the lattice of triples (Ai, A 2 , 1) of pairs of integral weights and an integer; let r>o 
be the subcone where the weights are dominant and the integer is nonnegative. 

For A = (Ai, A 2 ,/) G r>o, define Vx = 14i ® Vx^ ® Sym^C^. Let fl be the 
set of A G r>o such that V^ has a nontrivial G-invariant element. 

Lemma 1. D, is a cone (i.e. it is closed under addition). 

Proof. By the Borel-Weil theorem, the global sections of the line bundle Lx 
on X = P X P X P”“^ form a representation of G^ isomorphic to V^. As 
such, Vx contains a nontrivial G-invariant element under the diagonal action 
of G if and only if there is a nontrivial global G-invariant section of Lx. Then 
because X is an irreducible variety (and as such has a homogeneous coordinate 
ring without zero divisors), if there is a nontrivial G-invariant element of Vf_ 
and another of Vy , then there necessarily is a nontrivial G-invariant element of 
VX+A' corresponding to the product of the two invariant sections in Lx+x' ■ n 
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For A € r>o, define v\ € VA as a nonzero highest-weight element with 
respect to Bi x B 2 x P. Because we have chosen our subgroups in general 
position, ^ 0 for all 7 G r>o. 

Define X' = P x T x with a G^-action, where the G-action on 

(pn-i)v QQj^gg from the action of G on the dual of the usual representation. 
Then X' corresponds to the moduli space of triples of two Borel subgroups 
B'l , B '2 and a dual-mirabolic subgroup P' (i.e. a mirabolic subgroup fixing an 
element of the dual of the standard representation). We then say that x G X' 
is in general position if it is in the open G-orbit on X'. If we choose an invariant 
element U-\ G V^, then {u-\,v\) = 0 is the identifying equation of a closed 
subvariety of the complement of the open orbit. Therefore x' being in the open 
orbit is equivalent to the existence for any A G D of a G that is G- 
invariant with {u-\,v\) = 1 (by scaling). Finally, a point (x,x') € X x X' is 
in general position if both x and x' are in general position and each subgroup 
and its primed counterpart are opposite. Equivalently (for similar reasoning 
to the above), for any A G r>o, we want there to be an element V-\ G of 
highest weight with respect to B[ x B 2 x P' such that {v-\,v\) = 1. Borel- 
Weil implies that the correspondence between and r(X, L\) can be given by 
w ^ [g ^ {w,gv\)]. We therefore have two sections of L\, and /^, such 
that /q 3 is diagonally G-invariant, while is left B[x B 2 x P' semiinvariant. 
The former subscript denotes that the section is G-invariant; the latter denotes 
that the section comes from the work of Kashiwara. 

Because there is both a unique open G-orbit and a unique open x i ?2 x P'- 
orbit on X, these sections are the unique ones with this property up to scaling. 
Then as products of semiinvariants are semiinvariant, and by evaluating at the 
identity on G^, we can see that Jx/k = 

The b-function we want to find is that of /ga; to be more precise, we want 
to find solutions to the following functional equation: 

(3) 

where is a twisted differential operator on P (equivalently, a differential 
operator on G such that for any right P-semiinvariant /, P^/ is also right 
B- semiinvariant). 

This corresponds to a b-function using the definition given by Gyoja [5], 
where the fi are f\ for A a generator of D. We will describe those generators in 
section 5. 


4 Kashiwara’s argument and the differential op¬ 
erator 

Let G be any semisimple complex simply connected Lie group with Lie algebra g; 
let P be a Borel subgroup and B' be an opposite Borel subgroup with common 
torus H = B n B'. Then Kashiwara wanted to find the b-function of the 
P'-semiinvariant section /q of the line bundle L\ over P = G/P, using its 
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cover (which we will also call Jq through abuse of notation) Jq : G ^ C, g ^ 
{v-x,gvx) where A is an integral dominant weight, v\ G Va is a highest weight 
vector wrt B (and therefore also with respect to H), and V-\ G is a highest 
weight vector wrt B' (and lowest weight wrt H). 

Let i?+ be the set of positive roots of G = SLn with respect to B, p = 

- a, and for any a G i?+, let ha{p) = {a,p)- 

aGRj^ 

Define as the set of differential operators that twist by —p. In other 

words, if P G 'D^{F) and f G C\, then Pf G Ga-zx- 

Theorem 2. (Kashiwara) |7]/ There is a twisted differential operator G 
'D^{F) on T such that for any X, p nonnegative weights for G: 


hair) 

where bfj_{X) = n n {hffX) 

a.GR+ i—1 


= bffX)f^ 
Kip) +i)- 


(4) 


Proof. Following Kashiwara, we can trivialize the sheaf of differential operators 
on G using right translation: V{G) = C[G] ® i?(17g), where i? : t/g — V{G) 
is the extension to Uq of the map R : g —>■ TG given by right translation. 

Then by quantum Hamiltonian reduction [3], T>^{F) = ( 2 ?(Gi*) J ’ 

the subscript on b denotes the subset of elements of weight —p. The quo- 
2?(G) 

tient ~ C[G] ® (Gg/((Gg)n)). Using the well-known decomposition 


I?(G)n 
C[G] = ©(K 


Vf) as G-bimodules and rearranging tensor products, we get 


that VffF) = ©(K © {V; © 


Ug 


Because we trivialized by right trans- 


lation, and because the decomposition separates the actions of left and right 


translation, V^^F) = ©14 © {Vf © 


Ud M, 


where G acts on I©, while 


{U3)n 

We will use two results that Kashiwara proved; the proofs are given in the 
appendix. Define Ut) = S'!) as the symmetric algebra and universal enveloping 
algebra of (). 


Theorem 3. Let V be a finite dimensional b-module. Then (V ( 


Uq 

{Ug)n 




a SI) module of rank equal to the dimension of the ^ weight subspace ofV. 

Ug 


Theorem 4. Assume that the dimension ofV^ is 1. Then {V 
free as a right Ui]-module. 

Ug 


-.r 


IS 


The first theorem implies that if z/ ^ /r, then (VJ 


{Ug)n 


{Ug)n 
is trivial. The 


second then shows that in the minimal case oi v = p, {V* © 


Uq 

{Ug)n 


is a free 
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rank 1 right J7f)-module. Call the generating element P € {V* 


U9 


Then by attaching a highest weight vector we get a differential operator 

Pfi = ’>^11 ^ P & P/iiP)- Note that varies under left translation as does, 
that is, = (gVf^)^P where g acts on differential operators by left translation. 

By the definition of Pf_if^^^ € V{P,L\). Further, as the map of 

application of differential operators V^{P) (g) r(P,PA+/i) ^ T{P,Lx) is G- 
equivariant, the image will be of weight —A. By Borel-Weil, T{P,L\) ~ 
so there is only one element of weight —A (up to scaling). But f\ is already of 
weight —A - so we get that 

Kashiwara further found an explicit formula: 

hcG) 

n n (ha (A) + ha{p) + i) 

i—1 

and that this is the generator of the ideal of all solutions to the functional 
equation. □ 

One result was not stated by Kashiwara but which will be useful for us is 
the following: 

Lemma 5. For any p,, v, P^Pi, = P^+v 

Proof. Consider the decomposition of C[G] into 0 V)i 0 V* as an increasing 
algebra filtration, C[G]<^ = 0 Vf with C[G]<^C[G]<i. C C[G]<^+i., 

where p < v is the usual partial order on weights. Then by using the trivial 
filtration on Uq, we obtain an increasing filtration on P(G) ~ C[G] as the 

action of g respects the filtration on C[G], this filtration is an increasing algebra 
filtration. This filtration then descends to P{P), so we obtain an increasing 


filtration 0 {Vf 


The highest weight in 


U0 


Uq 

{U9)n 


{Ug)n 


is 0, so if z/ < p, then = {0}, and 


= {v: ® 


Uq 

(C^0)n 


By definition, P^ S Therefore, 


<{r+G I 
fi+i' ' 

Under left translation, acts as v^, and therefore has weight p. Therefore, 


p^^Pu G (^). 


Pfj,P^ has weight p + iy. But P^P,, e 'Df+fi.P) = 


Uq 

{Ug)n 




where left translation acts on the As G is the unique element 

of weight /i + z/ up to scaling, P^P^ can be expressed as ® P' for some 


p'G(u:< 


Ug 


iU9)n 
that P generates {V* 


) similarly, P^+v = ©C*- Then by Kashiwara’s proof 


Ug 

{Ug)n 


over Ui), P' = Pa for some a G Pf). Using 


Kashiwara’s calculation, we can check that = PfiPvf^^^^'^ for any 

A, which means that a = 1 and P' = P - so P^Py = Pfj.+v □ 
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5 Relationships among 

We have proven that = This situation is common enough that it 

is useful to study it on its own; it will turn out to be true for the two relevant 
families of differential operators studied in this paper. This equation on differ¬ 
ential operators implies the following equation on b-functions (with subscripts 
omitted because it works for either subscript): 

6 m(A) 6 j.(A-I-/ r) = 6 ^+^(A) (5) 

which can be seen as a 1 -cocycle equation in the bar resolution complex 
for the group cohomology of A, where the action of A is on the multiplicative 
group C(CA)^ of rational functions (not including 0) on CA by translation, 

Pip)W =P(A + Ai)- 

Lemma 6. Let {b^} be a cocycle (i.e. satisfy the above equation) such that for 
fi G Ll, b^ is a polynomial (not just a rational function). Then for any p, G Tl, 
bfj_ can be expressed as J^(Q:i(A) -I- ki) with ai G Hom(A,Z),ki G C. 

i 

Similar results have been found for b-functions of multiple functions; see 
Sabbah, theorem 4.2.1 [4] and Gyoja [5]. 

Proof. From the cocycle equation, we can switch to get that h^T^{bi,) = 

bvTv{bij). 

Assume for some irreducible p; we need to prove that p is of the form 
a(A) -I- k for some a G Hom{A,Z),k G C. We first check that for any i/ G LI, 
either there is a nonnegative integer a such that p\T,^-ap.b^ or p is invariant 
under translation by p. 

By the second equation, we know that As polynomials over CA 

form a UFD and p is irreducible, we know that either p| 6 y or p\T,yb^. In the latter 
case, we are done, so assume we are in the former case. Then by translation, 
we also have that T^p\T^b,j\b^Tf^b,j = b^^T^^b^. By repeating this, we either have 
infinitely many a such that p(A -I- ap)\b,y{X), or for some a that Ta^p\T,jb^. As 
before, assume we are in the former case. Then as 6 j/(A) has finitely many 
factors, there can only be finitely many distinct Tap,p', therefore they must be 
equal for some ao,ai, and therefore, T(^ai-ao)uP ~ P- This means that for any 
A, the function t —>■ p(A -I- tp) is periodic. But p is a polynomial, so the function 
is a polynomial, which can only be periodic if it is constant, so p(A -I- tp) = p(A) 
for any t, and p is invariant under translation by any multiple of p. 

Assume we are in the first case, that is, that Tafip\T,jbfj^. Then we know that 
Taij,-iyp\bfj,. As the former is a translation of p, it is also irreducible - so we 
can repeat the above process. As b^ has finitely many factors, there can only 
be finitely many distinct such translations; therefore, for some mo < mi, no < 
ni we get that Tmifi-miyP = Tmou-novP- Therefore there are integers m,n 
with n > 0 such that Tmfi-nuP = P- Dropping the assumption that Ta^p\T,jb^ 
and going back to the general case (i.e. allowing Ta^p = p as in the above 
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paragraph), we get that there are integers m,n nonnegative and not both 0 
such that Tmf^-nuP = P- 

Choose generators Pi of A; then as p is a nonconstant polynomial, for 
some io we get that Tp.^p ^ p. Then for all i ^ we know that there 
are mi,ni such that p(A + miPi^ — tiiPi) = p(A). Hence rii ^ 0. For any 
pL € span[{miPig — riiPi}), we have that p(A + p) = p(A). This is a subspace of 
codimension 1 in CA, so there is some a € Hom{A,C) such that a{p) = 0 if 
and only if p(A + p) = p(A) for all A; further, it’s clear that a G Hom{A,Z). 
We then have that for any p such that {a, p) = 0, p(A + p) = p(A). Choose 
a point Aq such that p(Ao) = 0. Then for any point where a(A) — a(Ao) = 0, 
we have that p(A) = p(A + (Aq — A)) = 0. But a(A) — a(Ao) is an irreducible 
polynomial, so a(A) — q:(Ao) divides p. Since p is irreducible, p = a(A) — Q!(Ao). 
Setting k = — a(Ao), we have proven the lemma. 

□ 


Remark. A useful way to think about this result is to consider the bar reso¬ 
lution complex in which the b-function is a 1-cocycle. A generalization of this 
proof can be used to give the first cohomology group of the complex. We can 
then provide a ’’lift” A(A) for each cocycle in a canonical way as a product of 

A(A -I- p) 


gamma functions of rational hyperplanes, such that b^{X) = 

A{p) 


,A(0) = 


1 . For any p G A, we then have that 6^(0) = 
corollaries are then natural. 


A(0) 


A{X) 

= A{p). The following 


Consider a G Hom{A,'Z) positive and indivisible (that is, there is no non- 
cy 

trivial a G Z with — G Roto(A,Z), and for any p > 0, {a, p) > 0). For 
a 

each p G A"*", let = {ks.t.{a{p) + k)\bfj,} with multiplicity. Then for any 

PjV G A”*" 


iCa./i u {Ka,u + (a, p)) = Ka,u U + (a, v)) (6) 

where A-\-k = {a + k\a G A}; this follows directly from unique factorization 
and the cocycle equation. 

Corollary 7. Let a ^ 0 G Hom{A,'Z). Then there is some c G Z>o such that 
\Ka,fi\ = c{a,p). 

Proof. Let v G A"*", {a, v) ^ 0, and let c = ^ Then for any p G A"*", by 

{a,v 

summing the K equation over the sets with multplicity, we get that: 

Ka^^, + \Ka^,j\{a, p) = Ka^v + + | ATct./i | (o, v) ■ (7) 

\Ka v\ 

We can subtract and divide to get c = ; then as a is indivisible and 

{a,v) 

positive, c must be a nonnegative integer. □ 






Corollary 8. For any a ^ 0 G Hom{A, Z), yi G A with (a, /i) = 0, = 0. 

Corollary 9. Let /i, € A’*', and let a G Hom{A, Z) such that a{^) = a{i') = a. 

Then 

Proof. Assume otherwise. If we allow 

F g) Fq^^^ — {ATq, 1/ “t" u) F(^ y 

But the map S' —>■ (S' + a) — S' is a Z-linear map where every element of the 
kernel has inhnitely many elements, and both F^^^ and Fa^y are finite - so they 
must be the same. □ 


6 The differential operator for fa 

We now want to find the differential operators that give us the functional 
equation 

= b^M^)fG^ ( 8 ) 

In order to do this, we look first for the b-function for fx, the Bi x B 2 x P- 
semiinvariant section, using Kashiwara’s calculation, and then figure out the 
relationship between and b^^x- As fx = /g< 8 )/g®/p is a product of three 
functions on the three factors of X, we can set P^i^x = Pg.ih ® ® Pp,m 

and get the functional equation 

PxKfx'"^ = {PG,f.JG^^n ® ^ {Pr,mfi.+n 

= bG,fii{M)bG,fi2i^2)bp,m{l)fx 

where is the b-function for a hyperplane in P”“^. It is easy to see that 

m 

br,^{l) = na + i); combining that with the calculation in section 5, we get 

i=l 

that: 

PxKfx^^ = bxKWfk ( 9 ) 

where 

haUl hccXi rn 

bfj,,K = (ha(Ai) + /la(p) + *) (h(j(A2) + ha(p) + j) (^ + i) 

aGR+ i=l i—1 A:—1 

As we now have b^^x, we only need to determine the relationship between 
the two b-functions. 

Lemma 10. Define iS(/r) = (u_^,rt^). Then 

Proof. Because is the unique G-invariant up to scaling, for some 

c. Then H{^T) = = {u_^,,cv^) = c{u_^,v^f) = c, so 

Similarly, u-^ = □ 
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Let Pfi^c = P €V^{X). Then as Pfi^x = ® P, the last lemma shows 

that = H(p)P^k. 

Lemma 11. = bf^^a^Wfc^ ^^ere 6^,g3(A) = 


Proof. Consider differential operators of the form 0 P, and the restriction of 
the map of application of differential operators P^(X)0r(X, pA+/i) ^ r(X, L\) 
to only include such differential operators. Then this is isomorphic to a G x 
G X G-equivariant map 1/^ 0 V\+i_i i where the isomorphism takes P^^k 

Vfj., PtJ.,G Ufi’ fK V-x, /g U-\- But up to scaling, there is only one such 
map. Under this interpretation, we have 0 V-x-^ —>■ bK,^[\)v-x and 0 
U-x-fj, —>■ bG,fj,{X)u-x. By pairing with the respective vectors and considering 
the fact that this map is G x G x G-invariant, we can think of this as a map 0 
Ua -)■ U^+A that takes 0 ua 'c^+a,P(A + 0ma -)■ H{X)bG,^iiX)ux+)_c■ 
But by Borel-Weil, we also have an isomorphism between r(X',P_A) and 
Va; as such, we have the multiplication map on sections. The multiplication map 
takes Vp, 0 vx to u^+a - so the map we want is the multiplication map scaled by 
bK,)j.- The multiplication map also takes u^®ux to u^+x- Therefore, the map we 

want takes iL(A + /r)M^0MA to iL(A + ^)uA+^. So b^j^^G^iX) = 

H{X) 


□ 


Remark. This lemma is easier to understand in terms of the lift of the cocycle, 
as explained in the remark in the previous section. If Ak{X) is the lift of b^.K 
and Ag3 (A) is the lift of b^^G^, then for A G U, ^g3 (A) = H{X)Ak{X). 


Similar reasoning applied to the map —?> 'D^{X),v —>■ u 0 P and the differ¬ 
ential operator multiplication map also implies that P^^g^Pv.g^ = P^i+v,G^- As 
such, all of the conclusions from the previous section apply to the b-function we 
are trying to find. 


7 The functions H{\) 


We now wish to find H{X). The value of H{X) depends on the choice of the 
6 subgroups from before; for certain values of A, we can choose convenient 
subgroups to make the calculation easier. As such, we first need to show how 
the choice of subgroup changes H{X). 

In the last section, we defined H{X) = (m_a,ma) where ux and U-x were 
normalized with {u-x,vx) = {v-x,ux) = (v-x,vx) = I; however, H{X) is easier 

to understand in an ”un-normalized” form, H{X) = ^a)('^-A; w) ^ 

{u-x,vx){v-x,ux) 

this form, we can instead choose arbitrary G-invariant ua,u_a, Bi x B 2 x P- 
semiinvariant vx, and B[ x B 2 x P^serniinvariant V-x- We can then regard 
H{X) as a meromorphic function Hx{x x x') on A x X'. 

JJ 

Lemma 12. The function — jg constant on X x X'. 

HxHji 
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Proof. Any point xq X Xq has some g = ( 51 , 32 , <73,54,55, Se) such that xqXx'q = 
( 91 , 92 , 93 , 94 , 95 , ge)^ X x'. Then as (5i,52,53)fA is a highest weight element 
with respect to the subgroup given by xq (and a similar statement for 


^ {u-x,ux){{g4,95, g6)v-\, (91,92, g3)vx) , . 

But using the correspondence v\ —>■ f^,u\ — >■ Jq, it’s clear that each of 
the three products other than {u\,U-\) cancels; we therefore get that for any 
Xq X Xq, we have 


{'ll—fi—X, 

HxHf^ {u-f_„Uf_t){u-x,ux) 


Therefore, it is constant. 


□ 


This lemma shows that when we change our choice of subgroups, it changes 
^ by a constant independent of A (and exponential in 9 ). As we only 


'^(A) up to a constant (depending on 9 , but not A), this means that 


H(\)H( 9 i) 
care about b 

we can choose any subgroup to find the H(X). 

It will turn out that we only need to know H on certain subcones of 17. 
Ginzburg and Finkelberg found the generators of 17 in the proof of lemma 5.5.1 
[2]; there are two families of generators. Label them as follows: 


ai = (A'o;, a" * 0 ;, 0), 1 < i < n — 1 


Pj = (A^ ^uj, a" ^oj, 1), 1 < j < n 
We then only need find H on the following subcones: 

A = span({ai}f^j^) 


A<j = span(/3j U {ai}i<j) 


A>j = span(fij U {ai}i>j) 

For each j, choose Bi,B 2 as the upper triangular subgroup, B[,B 2 as the 
lower triangular subgroup, P fixing Cj, and P' fixing e'. Let i?+ be the set of 
positive roots of G = SLn- For each j, define the following function on positive 
roots: 

For 7 e R+, define 


{ 1 if 7 > A^uj 
1 if 7 > A^~^uj 
0 else 


( 11 ) 
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Theorem 13. If X G A, then H{X) = dim{V\^). If X G Ai>j or X G Ai^j with 
X = Tiai) + Sj/3j, then 

i 


H{X) 


U-yeR+^^'riP + T.ria^) + SjXjil)) 
n7efl+ ^lip) 


Proof. If A S A, then A = (Ai,Ai,0), where 14* = I4*i- Then by choosing 
u\ G V\ corresponding to the identity map on I4j^, corresponding to 

the trace map, v\ = <8 > 'C-Ai and V-\ = ?;_Ai <8) vai, we can see that: 


H{X) = dim{V\^) = 

7G-R+ 


^^(Ai + p) 

hj{p) 


If A G A>j, then let 


( 12 ) 


A — (Ai, A 2 ,0 — SjPj + riai 

i>j 

X — (A]^,A2,^ ) — T ^ ^ 

i>j 

A° = (A;,A°,Z°)=^r.a. 

i>j 

We now define several maps to be used later. Let us denote the wedge 
map Aj : ® C” -G 14 ^ 1 .,;; note that it is G-equivariant. By copying 

this map Sj times, we get a map Af : ® SynrP^<C^ -G Vs^/\ 3 ^ taking 

AJ-ii.,; ® Vsjui —t VsjA^ui- Then by tensoring with Idy^o^ have a map / : 
O^sjA^-^ui ® ^A“) ® ® ^sjuj —t (ysjA^ui ® ^ 0 ) ® ^A“- Then let g : 14 —t 14' 

be defined by the composition: 
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( KiA" w ® ^A? ) ® ^A“ 




>^A 

(13) 


where i is the natural inclusion map that takes v\ to and p is the 

natural quotient map that takes Vs^a^ui ® v\o to v'^. Then g is G-equivariant 
and g{vx) = v'x- 

Because g is G-equivariant, we have that g{ux) = g{H{X)vx) = II{X)g{vx)'^ = 


HiX)v^, = 


HjX) 

H{X') 


uy. Therefore, if we define c by g{ux) = cuy, then II{X) = 


cII{X'); as X' G A, we know i^(A'), so we only need to find c. 

Let g* : I 4 * “t 14 be the transpose of g. By the definition of g, we have 


g*{v-y) = g*iv-x[ ® ■y-As) = {po f)*{{v-x« ®V-SjAiuj)®V-X 2 ) 

Using the definition of /, we want to know (A* n*V-s,A^., where (A*^)* is 
the transpose of . Let SLj C G act on the hrst j coordinates in both C” and 
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its dual. By restricting our focus to the subspaces where SLj acts nontrivially 
(and doing the same for the dual spaces), we obtain a S'Lj-equivariant map : 

= C taking 1; in other words, a 

S'Lj-invariant element rc G such that = 1- 

But this corresponds to the conditions we’ve already studied if we take 
G' = SLj, S = {sj ujj,SjOJj,0) G Aq/; by definition, w = U-s- Then by 
the uniqueness up to scalar of the G^-invariant, w = civ^g for some ci. By 
pairing with vg, we get that 1 = {w,vs) = (civ^gjVg) = Ci{v-s,vf ). Then as 
us = HsLjWvf , we get that Hsl^^S) = ci{v-s,us) = ci. 

We therefore have that w = HsLj{5)v^g. By expanding our focus again to 
all n coordinates, we have that = HsLj{S){v-sjA3-^ui V-s,jui)^^L 

Therefore, as v_xo^ and V-x^ are STj-invariant, g*{v-x') = HsLj{S)v_xG Then 
by pairing with ux, we get that: 


c= {v-x',cux') = {v-x',g{ux)) = {g*{v-x'),ux) 

= {HsLjiS)v^^x' = HsLg{S){v-x,ux) = HsLj{S) 

where we use the G-invariance of u to say that {v_x\ux) = {v-x,ux)- 
We therefore have that H{X) = HsLj{S)H{X'). By the calculation of L[{X) 
on A (equation [12]) , we get that: 


H{X') 


Hsl,{6) 


n-ysfl+(^7(p + (Sz A^ UJ) + Sj AJ UJ)) 

n7eflsi,+ ^l^PSLi) 


By considering RsLj+ as a subset of R+, we get the second half of the 
theorem. □ 


For 7 G R+, define 


Xj(7) 


1 if 7 > A^uj + A-^ 
0 else 


(14) 


Combining this calculation of H{X) and bK,^j,iX) from earlier, we get: 


Corollary 14. We can find bQ 3 ^^(X) if there is a subcone listed above that both 
g,, X are in. Specifically: 

If g = aj, X G A (so X = (Ai, A*, 0 )), then 


, ... _ n7>A3cj(^7(P + ^l) + l)(^7(d + ^)) 
^ n7>AJc.(^7(d) + l)(^7(p)) 
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If IJ, = Pj, \ € ^i<j or X G IX.i>j with X = riat) + SjPj, then 

i 

bnW= n + + Sj) (^h^{p + ^riai) + Sj+ 1^ 

and 7 >A'^w or -y^A^to 

If p = ak,k < j,X ^ ^i<j or k > j,X & ^i>jy 

7> A^CJ 

8 The b-function 

We have now assembled enough rules to fully determine for any p G 

n,A S Cn. By equation [5l it is enough to find bcs^^ for p generators of fl. 
Write A = ^ OiOi + ^ bjPj. We therefore want to find a set of polynomials 
{bai}i<i<n-i, {^/ 33 }o<t<™-i satisfying the following properties: 

1. Each of the polynomials factors as a product of hyperplanes with integer 
coefficients, as in lemma IHl 

2. If Oi = —1, is a G-invariant global section of a line bundle which 

has no nontrivial G-invariant global sections, so the functional equation 
implies that baPX) = 0, and therefore that (a^ -I- AlbaP, this is analogous 
to the fact that s + l|6(s). Similarly, {bj -|- l)|fo/ 3 j- 

3. If ((5 -I- k)\bai for 6 G Hom{A,Z), then {cd,ai) 0, and similarly for bp^, 
as in corollary [5] 

4. If {S -I- k)\bai for S G i7om(A,Z), and (S,ai'} ^ 0, then for some fc^, 

((5 -I- /c')|6q,' , and similarly for bp.^ as in corollary[71 

5. If ((5 -I- k)\bai for ^ S IIom{A,'Z) and {6,ai) = {S,aj), then (5 -I- k)\baj, 
and similar results with bp^, as in corollary [HI 

6 . If bj = 0 for all j, we have 

_ + l)(^7(p + ^)) 

Il-y>Aiu>if^'riP) + ^)iKip)) 

If Sj = 0 for all j k and either = 0 for either alH < /c or alH > /c, we 
have 

y>A^uj 

hk = n + (^h^(p + J 2 r^o;i) + Sj + l 

y>A^~^uj y>A^~^uj 

and y^A^ijj or 7 >A‘^cj 
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These will determine the b-functions entirely. Let L be the gamma function. 


Theorem 15. 


Write A = atai) + Then let 


I 


Ai(A) = nr(&, + i)- n r 


Kip) + XI 

/ 


X 


and u;-^<7 / 


• r 


/z-y(p) + ^ ^ Cli + ^ ^ hj + 1 

<1 Ci ;^“^<7 

\ or Lu^ <'Y J 


Then bf^{X) = 


A{X + //) 

Xa)X^' 


Proof. Let = (A*u;,A" *a;,0) G A. By property 1, ba^iX) =,X)+mk 

k 

for some rfk^rnk such that {r/k,ai) ^ 0. By property 6 , we have that ba^{X) = 
---—- if A G CA. By combining these, we get that 

Il^eR4Kip) + ^)Kip) 

we can partition the factors of &c<^ into two families of hyperplanes. The families 
are both indexed by the roots 7 G R+ such that 7 > A*a;; define as the 

hyperplane that, on A, is equal to h.y{Xi)+hj{p) + l, and as the hyperplane 
that, on A, is equal to hj{Xi) + hj{p). 

By property 5 , if 7 > A*w,A*a;, then L.y^a.\ba ^,the only hyperplane it 
could match is ^ 7 , 0 ^/, so ^ 7 , 0 ^ = L-y,a-,- Similarly, = K,a ,■ Thus, we 

can ignore the subscripts of a and just denote the hyperplanes as 

Choose some j. Then for each 7, there is some i such that 7 > A*w. If i < j, 
then ai and ftj are both in A<j, while if i > j, then they are both in A>j. In 
either case, by property 6 , the coefficient of bj in L 7 and must either be 0 or 
equal to the coefficient of ai. As the coefficients of all of the Oi are either 0 or 1 , 
this implies that the coefficients of all of the bj are either 0 or I. By properties 
3 , 4 , and 5 , this implies that any hyperplane factor of bp^ is either Lj or K for 
some 7, or that its coefficients of Ui are all 0 . 

Let Sj, resp. Sj be the set of 7 such that the coefficient of bj in L 7 , resp. 
K is 1 - Let Sij, resp. S^ j be the subset of Sj, resp. Sj such that 7 > A^w. As 
for each 7 there is some i such that 7 > A*a;, Sj = USij,Sj = US'-^. 

Assume without loss of generality that i < j, and therefore that ai,j3j are 
in Ai<j. Then by property 6 , = i{n — j) + i{n — j — 1). Also 

by property 6 , if 7 G Sij, then h.y{p) + l>i—j + 1, while if 7 G S'ij, then 
hj{p) >i—j + l. Finally, also by property 6 , if 7 G Sij or S'^ j, then 7 > A^~^uj. 
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i -1 

Then 7 G Sij or S'^ j implies that 7 > ^ A^’w. 

k—i 


Assume ^ A^'w G S'' for some A Then it is also in S'therefore, 7 (p) > 

k—i 

i — j + 1 . But 7 (/o) = i — j-, so this is impossible - so no root of the form 
i-i 

A^w G s'. Therefore, if 7 G S'^-, then 7 > A^uj. 

k—i 

We therefore have that if 7 G S^j, then 7 > A-^'^o;, while if 7 G S'^, 
then 7 > A-^w. But then |Si,j| < i[n — j), while |S'j| < i{n — j — 1). We 
know that IS^jj + jS'^j = i(n — j) + i{n — j — 1); therefore, we must have 
that all of the elements that could be in either must be, and therefore that 
Sjj = {7I7 > A*a;, A-^'^o;}, while S'^- = {7I7 > A*a;,A'^a;}. 

Correspondingly, if i > j instead, then Sij = {7I7 > A*a;, A^u} while S'^ = 
{7I7 > A'w, A^~^ijj}. Then as Sj = US^j, S' = US'j, we get that 


^3 = {7I7 > or 7 > A-^o;} 


and 


Therefore 


S' = {7I7 > A^ and 7 > A-^w} 


Lry - ^ ^ di + 'y ^ bj + hj[p) + 1 

or 

^ Oi + ^ bj + h^{p) 

7>A*a; 7>A^'“^a; 

and 7 >A'^u; 


This gives ba^ as the product of the L^,L'^. We now only need to find bp.. 
By property 6 , the degree of bp. is 

(j - l)(n - j) + j(n - j - 1 ) + 1 = (j - l)(n - j - 1 ) + (j(n - j) - 1 ) + 1 

. But |S'| = (j — l)(n — j — 1), and |Sj| = j{n — j) — 1, so only one factor is 
unaccounted for - and that factor, by property 2, is bj + 1. By inspection, then, 
we get the formula in the theorem. □ 


9 Appendix 


Theorem 16. Let V he a finite dimensional b-module. Then (V 1 


UQ 

{U3)n 


is a Ub) = SI) module of rank equal to the dimension of the p weight subspace of 
V. 
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Proof. As V is finite-dimensional, we can define an increasing filtration by fa- 
submodules Fi on V* such that F-i = {0}, Fi+i/Fi has a unique weight Xi 
(note that Fi^i/Fi is not necessarily 1 -dimensional) , and the Xi are distinct. 

We have an isomorphism(y (g) , — Horrid - JV*, , ) where 

(170)n _ ^ ^ ^ (C/fl)n 

the subscript denotes that the homomorphism twists by —/r; in other words, if 
w € W of weight A and / £ Homb,-fj,{W, U), then f{w) has weight X — fi. This 

homomorphism set has a residual right Ut) action from its action on -—. We 

{Ug)n 

proceed by induction on the filtration. 

We can start with the base case of f-i, the trivial fa-module; by definition. 


Homb-ii{F^i, 


Ug 


■) = {o}. 


{Ugy 

Assume A^+i /x. Because Fi is a submodule of Ai+i, we get a map 
Li : F[omb,-fj,{Fi+i, ^ ) —>■ iJomt, ^ ). Kashiwara [I] proved 


{Ug)n 


{Ug)n 


(equation (1.4)) that 3gi ^ 0 G SI) such that giF[omb-fi{Fi 


Ug 


(t/0)n^ ^ 


Therefore rkiJomt,,_^(T)+i, ) > rki7om[,__^(Fj, as t/f)-modules. 


Let / £ Homb,-fj,{Fi+i, 


iUg)n 

Ug 


{Ug)n 


descends to a map / : Fi+i/Fi 


(Ug)n 

) with L,{f) = 0. Then /(F*) = 0, so / 


U9 

{Ug)n 


which twists by —g. For any v £ 


Ug 


with this 


Fi+i/Fi, nu = 0, so nf{v) = 0. But the only elements of 

property are elements of Ul), that is, elements of weight 0. As / twists by —g, 
and Ai+i ^ g, this is impossible unless / = 0, and therefore / = 0 - so t is 
injective. Therefore, we get that the ranks must in fact be equal. 

Assume Ai+i = g. As the Xi are distinct, by the above, Homb^-u{Fi, ^ ) 

(1/0)11 

is trivial. The map Li is not injective in this case; we need to find its ker¬ 
nel. Choose a basis of Vj £ Fj+i/Fi; then for each j, we can define fj : 

Vi+ilVi —>■ with fj{vk) = 1 if j = k,0 else. By inspection, these 


{Ug)n 

twist by —g. We can therefore extend these to f G F[omb,-i_i{Fi+i, 


so TkF[omb.-ij.{Fi, 


Ug 

{Ug)n 


Ug 

{Ug)n 


) = diniFi+i/Fi = dimV^. 


□ 


Corollary 17. Assume V = Vf is the dual of a finite-dimensional irreducible 
representation of Ug with highest weight v. If v < g or v — g is not integral, 


then (V ( 8 > 


Ug 


)"“'* is trivial. 


{Ug)n 

Theorem 18. Assume that the dimension of is 1. Then {V 1 


Ug . 
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is free as a right Ut)-module. 


In order to prove this, we will need a lemma about when a submodule of a 
free submodule is free. Let A be a UFD, and let N be an A-module. Define 
A~^N = Frac(A) (g) N. 


Lemma 19. Let A be a UFD, M a free A-module, and N a finitely generated 
submodule of M of rank 1. If A~^N Ci M = N, then N is free. 

Proof. Note that A~^N Cl M = {m € M\3a s.t. am € N}. Let {ui} be a 
minimal generating set of N. Assume it contains at least two elements n,n'. If 
we can find some n" £ n that generates both n,n', then by induction, we can 
show that N is free. 

Because N is rank I, there must be some b, b' relatively prime with bn = b'n'. 
Let {uj} be a basis for M; then n = ajVj,n' = o.j'i’j- they are a basis, 

we get that baj = b'a'j. Then as A is a UFD, b'\aj. Let a" = and let 

n" = a'-Vi = 7- = ^. As a" £ A for each 7, n” £ M, so n" £ A~^N n M = 
N. Therefore, the induction step is done, and N is free. □ 


Proof of Theorem 18. Let N = {V ^ 

Uq 


1 C/fj-module. As 


by the first theorem, is a rank 

Ub 


{UB)n 

is a free right C/f)-niodule, so is M = U 


We 


([/0)n ■' ’ "" (t/0)n' 

then only need to prove that N{Ut))~^ Cl AI = N. 

By definition, Cl M = {m £ AI\3h £ Ui) mh £ N}. Let m £ 

M,h G Ut) such that mh £ N. We need to prove two things: that for any 
n £ n,nm = 0, and that for any h' £ i),h'm = m{h' — /r). If mh £ N, then 
nmh = 0. But M is free as a right f/h-module, so nm = 0. If mh £ N, then 
h'mh = mhih' — fi) = m{h' — fj.)h. Again as M is free, h'm = mih' — fi). 
Therefore, by the lemma, A^ is a free rank 1 17f)-niodule. □ 
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